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Effects of Head Shape on EEG’s and MEG’s 
B. NEIL CUFFIN 

Abstract-This paper presents results of computer modeling studies 
of the effects of head shape on electroencephalograms (EEG’s) and 
magnetoencephalograms (MEG’s) and on the localization of electrical 
sources in the brain using these measurements. The effects of general, 
nonspherical head shape on EEG’s and MEG’s are determined by com- 
parisons of EEG and MEG maps from nonspherical head models with 
corresponding maps from a spherical head model. The effects on source 
localization accuracy are determined by calculating moving dipole in- 
verse solutions in a spherical head model using EEG’s and MEG’s from 
the nonspherical models and comparing the solutions with the known 
sources. 

It was found that nonspherical head shape can produce significant 
changes in the maps produced by some sources in the cortical region 
of the brain. However, it was also found that such deviations of the 
head from sphericity produce localization errors of less than approxi- 
mately 1 cm. No significant differences in the effects of such deviations 
on EEG’s and MEG’s were found. Finally, it was found that most such 
deviations do not cause a dipolar source which is perpendicular to the 
surface of the bead model to produce a significant magnetic field; such 
a source produces zero magnetic field in a sphere. 

INTRODUCTION 
NFORMATION about the effects of the volume con- I ductor properties of the head on electroencephalograms 

(EEG’s) and magnetoencephalograms (MEG’s) is neces- 
sary for accurate localization of electrical sources in the 
brain. For example, information showing that the low 
conductivity of the skull “smears” the EEG produced by 
a source in the brain [ 11 and makes it appear deeper in the 
brain than it actually is has been used to develop local- 
ization methods which deal with this effect. Likewise, in- 
formation about the effects of other volume conductor 
properties of the head, such as its shape or local variations 
in skull conductivity, on EEG’s and MEG’s is necessary. 
This paper presents results concerning the effects of head 
shape on EEG’s and MEG’s and source localization. 

Only a limited number of studies of the effects of head 
shape on EEG’s have been performed. In a computer 
modeling study, Witwer et al. [2] found that the position 
of the external surface of a model of a cat head can have 
significant effects on the EEG produced by a source in the 
brain. Henderson et al. [3] found localization errors of up 
to 1.9 cm for sources in a saline-filled skull. Localization 
errors of up to 3.0 cm were obtained by Smith et al. [4] 
for implanted sources in a human head. Finally, He et al. 
[5] found localization errors of 1.0 cm or less for im- 
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planted sources in a cat brain. In these last three studies, 
it is not known if head shape alone is the cause of the 
localization errors since noise and other experimental er- 
rors are also present. 

Two experimental studies [6], [7] of the effects of head 
shape on MEG’s have found significant distortion of the 
maps produced by sources in skulls filled with conductive 
paste or gel and localization errors of up to 1.0 cm. The 
results of these studies are somewhat inconclusive since 
there was no scalp on the skulls. A computer modeling 
study [8] has found that omitting the skull and scalp in a 
realistic model of the head can produce localization errors 
of up to 1.5 cm. Similar errors were obtained in a more 
recent computer modeling study [9] comparing a realistic 
head model and simple spherical ones. The results of these 
computer modeling studies are also somewhat inconclu- 
sive since only one realistic head model was investigated 
in each study. 

In summary, only rather limited data are available con- 
cerning the effects of head shape on EEG’s and MEG’s 
and source localization. In this paper, results of detailed 
computer modeling studies of general, large-scale devia- 
tions of the head from sphericity are presented. The ef- 
fects are evaluated by comparing results from various 
nonspherical head models with those from a spherical 
model. The effects on both EEG and MEG maps and on 
inverse solutions using these data are evaluated. 

METHODS 

The basic computer model of the head used in these 
investigations is shown in Fig. 1 .  This model contains 
three regions with different electrical conductivities which 
represent the brain, skull, and scalp. The conductivity of 
the skull region is 1/80th of that of the brain and scalp 
regions. All of the surfaces of the model are composed of 
plane triangular elements so that previously developed 
methods of calculating the electric potentials (EEG’s) [ 101 
and magnetic fields (MEG’s) [ 111 for electrical sources in 
the brain region can be used. The calculated potentials are 
the numerical solution of the surface integral equation for 
the potentials produced by current dipole sources ( P,r, Pv, 
and P,) in the model. These calculated potentials are the 
average potential on a triangular element. To improve the 
accuracy of the calculations, a greater density of triangles 
is used on the portions of the surfaces near the sources. 
Also, a recently developed method [ 121 is used to further 
improve the accuracy of the potential calculations. This 
method greatly reduces the inaccuracies in the calcula- 
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Fig. 1 .  Side view of the basic head model showing the triangular elements 
on the brain-skull surface: the outlines of the other two surfaces are also 
shown. Each surface is composed of 1088 triangles for a total of 3264 
in the model. The radii of the surfaces are 8.4, 9.0, and 9.5 cm; the 
conductivities of the brain and scalp regions are 3.3 X I O - ’  Q/cm and 
the conductivity of the skull is 4.1 X IO-’ Q/cm. A P; dipole is shown 
on the Z axis at a depth of 3 .  I cm below the surface of the scalp which 
is 2.0 cm below the surface of the brain. 

tions caused by the large differences between the conduc- 
tivity of the skull region and the rest of the model. As 
seen later, this basic model can be modified to represent 
any desired head shape. In this study, it is modified to 
represent a number of basic, nonspherical head shapes and 
to represent measurements over various areas of the head 
surface. 

The accuracy of these potential and field calculations is 
shown by comparing the results in Fig. 2, for which the 
model has a spherical shape, with the exact values ob- 
tained from mathematical equations for such a multilayer 
sphere. The EEG’s for this spherical ( S )  model agree to 
within 2 percent with the values from the equations while 
the MEG’s show even better agreement. For this and all 
other models, the EEG’s are the potentials on the triangles 
with reference to a triangle on the bottom of the model 
and the MEG’s are the component of magnetic field per- 
pendicular to and 1.0 cm above the center of a triangle. 
There are some small asymmetries in the EEG maps be- 
cause of the asymmetrical location of the triangle used for 
the reference point and because the triangles used in the 
measurement grid are not exactly symmetrically located. 
Note that all the values in the MEG map for the P., dipole 
are zero. This is because a dipolar source which is per- 
pendicular to the surface of a sphere produces zero mag- 
netic field. This is a special property of magnetic fields 
for such a dipole in a sphere and it is important to know 
if deviations of the head from sphericity cause such 
sources to produce significant fields. 

Source localization is done using the moving dipole in- 
verse solution method. In this method, a dipolar source is 
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Fig. 2. Top view of the spherical (S ) model showing the 32 (darkened) 
triangles used as points in  a measurement grid. Maps of the EEG’s (left) 
and MEG’s (right) at these triangles are shown below for the three in-  
dicated dipole orientations. The coordinate axes shown apply to both the 
model and the maps. The EGG’S are in microvolts x I O - ’  and the MEG’s 
in  picotesla X lo-’ for 5 pA.cm dipoles 3.1 cm below the surface of 
the model. 

moved about in a model of the head while its amplitude 
and orientation are also varied to obtain the least-squares 
fit between measured EEG’s or MEG’s and those pro- 
duced by the dipole. As the method is used here, the 
“measured” data are actually EEG’s or MEG’s from the 
computer model of the head. The solutions are calculated 
in a multilayer sphere with the same radii and conductiv- 
ities as the model in Fig. 1 ;  the solutions are calculated 
for the EEG’s or MEG’s from the 32 grid points on each 
model. This grid is large enough and has enough points 
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TABLE I 
INVERSE SOLUTIONS FOR P ,  SOURCES. MODEL TYPE IS AS DESCRIBED I N  THE TEXT A N D  FIGS. D INDICATES 

A EEG OR MEG DATA SOLUTION. F IS THE FIT AS DEFINED IN ( I ) ,  I N  PERCENT, BETWEEN THE MODEL DATA 
A N D  T H E  SOLUTION DIPOLE DATA, DEPTH, X, A N D  Y ARE THE SOLUTION LOCATION I N  CM, P,, P,, A N D  P; 

A R E  THE NORMALIZED SOLUTION DIPOLE COMPONENTS, A N D  DIS IS THE DISTANCE I N  CM OF THE 
SOLUTION DIPOLE FROM THE ACTUAL DIPOLE. THE “I”  MODEL LINE GIVES THE IDEAL SOLUTION 

MODEL D F DEPTH X Y pr p,. p;  DIS 

1 

S 

NE 

NEB 

WE 

WEB 

WES 

BP 

0 3.10 0.00 
E 3 3.17 0.22 
M 0 3.10 0.00 
E 7 4.05 -0.01 
M 20 3.81 -0.30 
E 8 4.41 - 1.08 
M 8 4.33 -0.06 
E 5 3.63 -0.05 
M 8 3.08 -0.32 
E 6 4.05 -0.53 
M 7 3.41 -0.03 
E 6 3.57 0.07 
M 16 3.53 -0.32 
E 4 3.26 0.18 
M 27 3.49 0.00 

0.00 
-0.03 

0.00 
-0.01 

0.00 
-0.16 

0.00 
-0.01 

0.00 
0.04 
0.00 
0.30 
0.05 

-0.30 
0.52 

1.00 0.00 0.00 
1.00 0.00 0.02 0.23 
0.99 0.00 0.00 0.00 

1.23 0.00 0.07 0.77 
1.36 -0.01 -0.39 1.71 
1.62 0.00 0.02 1.23 
1.14 0.00 -0.07 0.53 
0.96 0.00 0.05 0.32 
1.16 0.00 -0.25 1.09 
1.15 0.00 0.01 0.31 
1.24 0.00 -0.03 0.56 
1.12 -0.01 0.06 0.54 
1.16 0.00 0.02 0.38 
1.06 0.00 0.00 0.65 

1.52 0.00 -0.09 0.95 

TABLE I1 
INVERSE SOLUTIONS FOR P, SOURCES 

MODEL D F DEPTH X Y p ,  p ,  p: DIS 

I 0 3.10 0.00 0.00 0.00 1.00 0.00 
S E 1 3.14 0.00 -0.05 0.00 0.97 -0.01 0.06 

M I  3.09 -0.01 0.00 0.00 1.00 0.00 0.01 
E 1 1  3.64 -0.33 -0.12 0.00 0.93 -0.01 0.64 

NE M 17 2.90 -0.17 -0.01 0.00 0.88 0.00 0.26 
E 6 4.05 -0.46 -0.30 0.00 1.20 -0.06 1.10 

NEB M 8 3.84 -0.05 0.00 0.00 1.37 0.00 0.74 
E 5  3.38 -0.34 -0.08 0.00 0.97 -0.01 0.45 

0.00 0.36 WE M 9 2.79 -0.19 -0.01 0.00 0.87 
E 4  3.68 -0.22 -0.15 0.00 1.21 -0.04 0.64 

WEB M 9 3.69 -0.06 0.00 0.00 1.29 0.00 0.59 
-0.50 0.26 0.00 1.00 0.12 0.74 E 8  3.58 
-0.19 0.01 0.00 0.89 0.00 0.27 M 13 2.91 

0.20 0.29 E 9  3.06 -0.11 -0.26 0.00 0.7.5 
0.06 0.90 BP M 8 2.57 -0.02 -0.73 0.00 0.56 

on it so that the inverse solutions are not sensitive to small 
changes in its size or in the number and distribution of 
points on the grid [13]. As part of these calculations, a 
measure of the closeness of the fit ( F  ) between the EEG’s 
or MEG’s of the computer model and those of the moving 
dipole solution is calculated. This measure is defined as 

I 3 2  

where Ci is the computer model data at the ith grid point 
and Mi is the moving dipole solution data. The value of F 
should be zero if the computer model is also a sphere. For 
the EEG solutions, the effects of the different conductivity 
layers are taken into account using the method described 

in the Appendix. Such layers have no effects on the MEG 
solutions [ 141. 

Further indication of the accuracy of the potential and 
field calculations is provided by the inverse solutions for 
the S model given Tables 1-111. The maximum localiza- 
tion error, i.e., the maximum “DIS” value in the tables, 
is 0.23 cm for the EEG solutions and 0.01 cm for the 
MEG solutions for the P, and P, dipoles. The MEG so- 
lution for the P, dipole requires a different interpretation 
than the other solutions. Ideally, the amplitude of the so- 
lution should be zero. Therefore, if the amplitude of the 
solution is zero or small as compared to the actual P; 
source, then its location is not important. In addition, if 
the solution amplitude is small and has a large F value, 
this can be taken as an indication that there really is not 
a detectable dipolar source present and that the solution 
is just a result of noise. On these bases, the MEG solution 
for the P; dipole is quite good. Since the S model has the 
same dimensions and conductivities as the multilayer 
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TABLE 111 
INVERSE SOLUTIONS FOR P; SOCRCES 

~~ 

MODEL D F DEPTH 

1 0 3. I O  
E l  3. I O  S 

E 6  3.60 
NE M 67 2.97 

E 2  4.13 

E 3  3.32 
WE M 17 3.56 

E 2  3.62 
WEB M 15 4.01 

M 91 -0.98 

NEB M 31 4.49 

E 4  3.32 
M 61 3.90 
E 2  3.38 

BP M I I  3.15 

X 

0.00 
0.06 

-5.79 
0. I7 
3.25 
0.56 
2.73 
0.06 
2.00 
0.26 

-2.93 
0.03 
1.45 
0.06 

-0.02 

Y 

0.00 
-0.01 

0.78 
-0.03 
-0.01 
-0.06 

0.00 
-0.01 

0.00 
0.01 
0.00 

-0.09 
-0.36 
-0.32 

1.79 

p ,  p, 

0.00 0.00 
-0.01 0.00 

0.00 0.00 
-0.14 0.04 

0.06 0.00 
-0.34 0.01 

0.10 0.00 
-0.10 0.00 

0.05 0.00 
-0.16 -0.01 

0.08 0.00 
-0.10 0.12 

0.08 -0.05 
-0.01 0.21 

0.00 -0.17 

1 .oo 
1 .00 
0.00 
1.10 

-0.03 
1.39 

-0.06 
0.98 

-0.02 
1.14 
0.05 
1.02 

-0.02 
1.16 
0.05 

DIS 
- 

0.06 
6.28 
0.53 
3.25 
1.17 
3.06 
0.23 
2.05 
0.59 
3.07 
0.24 
1.69 
0.43 
1.79 

sphere used in the inverse solution calculations, these lo- 
calization errors are produced by the numerical calcula- 
tion methods; the small magnitude of these errors indi- 
cates that the methods are quite accurate. 

RESULTS 

Results for six nonspherical models are given in Figs. 
3-8 and in Tables 1-111. With the exception of the skull 
layer in the BP model, the scalp and skull layers in these 
models have the same thicknesses as in the S model, i .e . ,  
the scalp layer is 0.5 cm and the skull layer is 0.6 cm. 
For those models in which the surfaces and the sources 
are rotated to the back or side, the P,, P,, and P, desig- 
nations for the sources are retained even though the actual 
dipole orientations are changed to be parallel or perpen- 
dicular to the adjacent surface. 

The values in the EEG maps in Fig. 3 for the P,  and P; 
dipoles in the NE model are generally larger than those 
for the S model. There are also asymmetries in these maps 
with respect to the X axis; the (absolute) values over the 
negative X axis are significantly larger than those over the 
positive X axis. The EEG map for the P,  dipole is similar 
to that for the S model, except that the peak values are at 
the edge of the grid rather than inside it. The MEG maps 
for the P,  and P, dipoles are similar to those for the S 
model, except for the same asymmetry with respect to the 
X axis as for the EEG maps. The values in the MEG map 
for the P, dipole are small as compared to those for the 
P,  and P, dipoles; the pattern in this map is not a simple 
dipolar one. The maximum localization errors for both the 
EEG and MEG solutions are less than 1 cm. The ampli- 
tude of the MEG solution for the P, dipole is quite small 
and its F value is quite large which is consistent with the 
nondipolar pattern of the associated map. The F values 
for the MEG solution for the P, dipole and for both the 
EEG and MEG solutions for the P ,  dipole are signifi- 
cantly larger than for the S model. Additional solutions 
were calculated for a multilayer sphere having an external 
radius of 7.2 cm rather than 9.5 cm and the same scalp 
and skull thicknesses. The localization errors for these so- 
lutions are all less than the corresponding values in the 

tables except for the MEG P, solution which increased 
from 0.26 to 1.06 cm; the F values of these solutions are 
the same as the corresponding ones in the tables. 

The EEG maps for the NEB model in Fig. 4 show the 
same pattern of differences from the S model as do the 
maps for the NE model, but the differences are larger. 
However, the MEG P,  and P,  maps are nearly symmet- 
rical and are rather similar to those for the S model. The 
values in the MEG P, map are much smaller than for the 
NE model. The localization errors are approximately 
twice as large as those for the NE model. The EEG P ,  
and P,  solutions are shifted in the negative X direction 
and a significant P, component appears in the P,  solution. 
An opposite but smaller shift occurs in the EEG P, solu- 
tion and a significant P ,  component appears. The local- 
ization errors in the MEG solutions are primarily in  depth; 
there is little or no shifting of the solutions. The ampli- 
tude of the MEG P; solution is quite small and its F value 
is large. As for the NE model, solutions were also cal- 
culated for a multilayer sphere with an external radius of 
7.2 cm. These solutions show the same pattern of local- 
ization errors, but the maximum error is less than 1 cm. 

The differences in both the EEG and MEG maps of the 
WE model in Fig. 5 as compared to those of the S model 
are similar to the differences for the NE model, except 
that they are smaller. All localization errors are less than 
1 cm and are generally smaller than for the NE model. 
The MEG P; solution has a small amplitude, but its F 
value is significantly smaller than for the S model. 

Likewise, the differences in both the EEG and MEG 
maps for the WEB model in Fig. 6 are similar to but 
smaller than those for the NEB model. The localization 
errors are also all smaller than for the NEB model and 
with the exception of the EEG P ,  solution are less than 1 
cm. The MEG P, solution amplitude is quite small, but 
its F value is significantly smaller than for the S model. 

All three EEG maps for the WES model in Fig. 7 have 
the typical asymmetry with respect to the X axis seen in 
previous EEG maps. In addition, there is a significant 
asymmetry with respect to the Y axis in  the EEG P, map. 
The MEG P, and P,  maps are asymmetrical with respect 
to both the X and Y axes. The values in the MEG P; map 
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Fig. 3.  The narrow ellipsoidal (NE) model. This model has the same over- 
all length on the X axis as the S model in Fig. 2 ,  but it has a circular 
cross-section in the Y-Z plane with an external radius of 7.2 cm. 

are still relatively small. All localization errors are less 
than 1 cm. The F values for the MEG P ,  and P,  solutions 
are significantly larger than for the S model. The MEG P; 
solution has a small amplitude and a large F value. 

The values in the EEG P ,  and P, maps for the BP model 
in Fig. 8 are generally larger than those for the S model. 
There is a shift in the zero-crossing line in the negative Y 
direction in the EEG P, map. The MEG P,  map is asym- 
metrical with respect to the Y axis, while the entire MEG 
P, map is shifted in the negative Y direction. The MEG 
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Fig. 4.  The narrow ellipsoidal (NEB) model with the grid rotated towards 
the back of the model. The parameters of this model are the same as 
those of the NE model of Fig. 3 except that the grid and dipolar sources 
are rotated by 45” towards the negative X axis. For clarity. the maps 
present the grid as viewed from above the center of the grid. 

P, map has some significant values and looks like a map 
for a negative P,. dipole shifted in the positive Y direction. 
All localization errors are less than 1 cm. While the EEG 
P,. map is shifted significantly in the negative Y direction, 
the solution is shifted only slightly in that direction; how- 
ever, a significant P, component appears in the solution. 
The F value for the MEG P ,  solution is significantly larger 
than for the S model. The MEG P,  solution is shifted 0.73 
cm in the negative Y direction which is consistent with 
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Fig. 5 .  The wide ellipsoidal (WE) model. This model has the same overall 
length on the X axis as the S model in Fig. 2 ,  but it has an ellipsoidal 
cross section in the Y-Z plane with a major axis of 17.4 cm on the Y 
axis and a minor axis of 14.4 cm on the Z axis. 

Fig. 6. The wide ellipsoidal (WEB) model with the grid and dipolar sources 
rotated by 45” towards the back of the model. 

the shift in the map. Its amplitude is also significantly 
smaller than the actual source. The MEG Pz solution is 
located approximately on the “brain pan” surface. The 
relatively small F value for this solution indicates that the 
secondary source on the surface is well represented by a 
dipole. The amplitude of the solution is less than 20 per- 
cent of the actual dipole amplitude. In additional results 
not presented here, it was found that the effects of the 
brain pan surface decrease rapidly for sources more dis- 
tant from that surface than are the sources in the BP model. 

DISCUSSION 

These results indicate that the general, nonspherical 
shape of the head can have significant effects on the EEG 
and MEG maps for some cortical sources. However, these 
results also indicate that such deviations of the head from 
sphericity produce localization errors of approximately 1 
cm or less when a sphere of appropriate size is used for 
the inverse solution calculations. Such a sphere need only 
have a radius which is approximately equal to the average 
radius of the region of the head on which the measure- 
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Fig. 7. The wide ellipsoidal (WES) model with the grid and dipolar sources 
rotated by 45” towards the side of the model. 

ments are made. The results for the BP model indicate 
that even such large deviations may not be a serious cause 
of localization error. With the exception of the MEG P,  
solution, it is primarily the amplitudes and orientations, 
not the locations, of the solutions for this model which 
are altered. The errors in the solution amplitudes are as 
large as approximately 50 percent, but these errors are not 
a serious concern since, for most purposes, it is accurate 
localization of a source which is important. 

These results also indicate that most general deviations 
of the head from sphericity do not cause a dipolar source 
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Fig. 8. The “brain-pan” (BP) model. This is similar to the S model except 
that the brain skull surface has been significantly modified. Note that a 
side view of the model is given here, so that the axes are different than 
those for the maps. The two marks on the outer surface of the model 
indicate the extent of the measurement grid. 

which is perpendicular to the surface of the head to pro- 
duce significant magnetic fields. It is only for the large 
deviation of the BP model that the amplitude of the MEG 
solution for such a source is greater than 6 percent of the 
actual source amplitude. The location of this source on 
the “brain pan” surface is consistent with the theory [ 151 
concerning the production of secondary sources at sur- 
faces between regions of different conductivity. Note that 
such secondary sources are also produced at the spherical 
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interfaces, but they do not produce a magnetic field com- 
ponent perpendicular to the surface of the sphere which is 
the component considered in this study and the one used 
most often in actual measurements. 

The localization errors for the EEG solutions are some- 
what larger than for the MEG solutions. In addition, some 
of the EEG solutions have dipole components which are 
not present in the actual source. Such components are 
generally associated with EEG solutions which are shifted 
laterally with respect to the actual source location. How- 
ever, the differences in the effects of the deviations con- 
sidered in this study on the EEG and MEG solutions are 
not significant. 

While some deviations do produce maps with signifi- 
cant nondipolar features, most do not. This is indicated 
by the relatively small (less than approximately 20 per- 
cent) F values for most of the solutions. By comparison, 
a previous study [13] has found that EEG’s or MEG’s 
which contain 10 percent noise will produce solutions with 
F values of approximately 30 percent. Aside from the 
MEG Pz solutions in all models and the MEG P, solution 
in the BP model, the largest F values occur for the MEG 
P, and P,. solutions for the NE and WES models. These 
models have the greatest variations in the radii of curva- 
ture of different portions of the measurement grid. The F 
values of the EEG solutions are generally smaller than 
those of the MEG solutions because the EEG solution di- 
pole has three components rather than just two as for the 
MEG solution; increasing the degrees of freedom in a 
source model increases its ability to fit the surface data. 

In summary, these results indicate that the general, 
nonspherical shape of the head causes localization errors 
of approximately 1 cm or less for cortical sources when a 
spherical head model of appropriate size is used for the 
inverse solution calculations. If this degree of localization 
accuracy is acceptable, then inverse solutions can be per- 
formed on small, inexpensive computers because the nec- 
essary calculations are quite simple for such a model. This 
would make source localization a practical tool for clini- 
cal and research use. While these results indicate that gen- 
eral, nonspherical head shape is not likely to be a limita- 
tion in the development of such a tool, further research is 
needed to obtain information about the effect of other vol- 
ume conductor properties of the head, e.g., holes in the 
skull and local variations in shape, on localization accu- 
racy. 

APPENDIX 

The effects of the different conductivity layers in a mul- 
tilayer sphere on the EEG moving dipole solutions are 
taken into account using the following method. First, a 
moving dipole solution is calculated in a homogeneous 
sphere, i.e.,  one with uniform conductivity throughout. 
Then a second, special moving dipole solution is calcu- 
lated in a multilayer sphere. In this second solution, the 

dipole is restricted to be on a fixed radial line which has 
the same direction as that of the solution in the homoge- 
neous sphere. Therefore, only the amplitudes of the three 
components of the solution dipole and its depth are free 
to vary in this special solution. This solution is readily 
calculated since the partial derivatives with respect to 
these parameters are easy to calculate from the mathe- 
matical expression for potentials produced by a dipole in 
a multilayer sphere; these derivatives are required in cal- 
culating moving dipole solutions [ 161. The expression for 
the potential, in spherical coordinates, is [17] 

4~ n = l  

(P, cos 6 - P ,  sin +)P,’~(COS e )  
n 

+ 

where P,, Po, and P, are dipole components, f is the ra- 
dial distance of the dipole, P: and PA are associated Le- 
gendre polynomials, and Kn is a factor determined by the 
geometry and conductivities of the multilayer sphere. In- 
spection of (2) shows that the partial derivatives with re- 
spect to p,, Po, p,, andfare simple to evaluate. This two- 
step method has been tested and found to work very well, 
i.e., the solution is located within 0.1 cm of the known 
source when it is used with calculated data. 
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